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A B S T R A C T
This paper deals with the perturbation analysis of mixed convection heat and mass transfer of an oscil-
latory viscous electrically conducting micropolar ﬂuid over an inﬁnite moving permeable plate embedded
in a saturated porous medium in the presence of transverse magnetic ﬁeld. Analytical solutions are ob-
tained for the governing basic equations. The effects of permeability, chemical reaction, viscous dissipation,
magnetic ﬁeld parameter and thermal radiation on the velocity distribution, micro-rotation, skin fric-
tion andwall couple stress coeﬃcients are analyzed in detail. The results indicate that the effect of increasing
the chemical reaction has a tendency to decrease the skin friction coeﬃcient at the wall, while opposite
trend is seen by increasing the permeability parameter of the porous medium. Also micro-rotational ve-
locity distribution increases with an increase in the magnetic ﬁeld parameter.
Copyright © 2015, The Authors. Production and hosting by Elsevier B.V. on behalf of Karabuk
University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/
licenses/by-nc-nd/4.0/).
1. Introduction
There has been a considerable amount of interest among re-
searchers to study the convective ﬂow with simultaneous heat and
mass transfer under the inﬂuence of a magnetic ﬁeld and chemi-
cal reaction as such processes exist in many branches of science and
technology. In many industries application of such type of prob-
lems are seen in the chemical industry, cooling of nuclear reactors
and magnetohydrodynamic (MHD) power generators. The study of
MHD mixed convection heat and mass transfer with chemical re-
action are of great importance to engineers and scientists because
of its almost universal occurrence in many branches of science and
engineering, and hence received a considerable amount of atten-
tion in recent years. The study of heat transfer in porous medium
in the presence of chemical reaction has important engineering ap-
plications e.g. oxidation of solid materials, synthesis of ceramic
materials and tubular reactors. There are two types of reactions such
as (i) homogeneous reaction and (ii) heterogeneous reaction. A ho-
mogeneous reaction occurs uniformly throughout the given phase,
whereas heterogeneous reaction takes place in a restricted region
or within the boundary of a phase. The effects of a chemical reac-
tion depend greatly on whether the reaction is heterogeneous or
homogeneous. A chemical reaction is said to be ﬁrst-order if the
rate of reaction is directly proportional to the concentration itself.
In many industrial processes involving ﬂow and mass transfer over
a moving surface, the diffusing species can be generated or ab-
sorbed due to some kind of chemical reaction with the ambient ﬂuid
which can greatly affect the ﬂow and hence the properties and
quality of the ﬁnal product. These processes take place in numer-
ous industrial applications, such as in the polymer production and
in manufacturing of ceramics or glassware, and food processing
chemical reaction that occurs between a foreign mass and a ﬂuid
in which a plate is moving. Ibrahim et al. [1] studied the effect of
chemical reaction and thermal radiation absorption on the un-
steady MHD free convection ﬂow past a semi-inﬁnite vertical
permeable moving plate with heat source and suction. They found
that the velocity proﬁles and concentration proﬁle increased due
to a decrease in the chemical reaction parameter. Al-Odat and Al-
Azab [2] studied the inﬂuence of chemical reaction on transientMHD
free convection over a moving vertical plate. They found that the
velocity as well as concentration decrease with increasing the chem-
ical reaction parameter. Seddeek et al. [3] examined the effects of
chemical reaction and variable viscosity on hydromagnetic mixed
convection heat and mass transfer for Hiemenz ﬂow through
porous media with radiation, and they found that the local
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Sherwood number signiﬁcantly increases with the chemical reac-
tion parameter. Pal and Talukdar [4] used perturbation analysis to
study unsteady magnetohydrodynamic convective heat and mass
transfer in a boundary layer slip ﬂow past a vertical permeable plate
with thermal radiation and chemical reaction. They solved the non-
linear coupled partial differential equations by perturbation technique
and found that the velocity as well as concentration decrease with
increasing the chemical reaction parameter. Hsiao [5] studied the
heat and mass transfer on MHD mixed convection of viscoelastic
ﬂuid past a stretching sheet with Ohmic dissipation. Rout et al. [6]
studied the effect of thermal radiation and chemical reaction on
double diffusive natural convective MHD ﬂow through a porous
medium. They considered destructive reaction in this paper, i.e.,
when chemical reaction parameter is positive then the concentra-
tion decreases due to the contribution of mass diffusion in
concentration equation, while in the generative reaction, i.e., when
chemical reaction parameter is negative, they observed the reverse
effect. They further found that with increasing chemical reaction
parameter there is substantial increase in the temperature proﬁle.
Mixed convection in porous media has gained signiﬁcant atten-
tion for its importance in engineering applications such as in the
design of nuclear reactor, ceramics processing, geothermal systems,
solid matrix heat exchangers, thermal insulations, crude oil drill-
ing and compact heat exchanges etc. Convection in porous media
can also be applied to underground coal gasiﬁcation, ground water
hydrology, iron blast furnaces, wall cooled catalytic reactors, energy
eﬃcient drying processes, cooling of nuclear fuel in shipping ﬂasks,
coolingof electronic equipments andnatural convection in theEarth’s
crust. The fundamental problem of ﬂow through and past porous
media has been studied extensively over the past few years both
theoretically and experimentally. Modather et al. [7] analytically
studiedMHDheat andmass transfer oscillatory ﬂowof amicropolar
ﬂuid over a vertical permeable plate in a porous medium, and the
results indicate that increasing the permeability parameter pro-
duces an increasing effect on the skin friction coeﬃcient and the
couple stress coeﬃcient at the wall. El-Hakiem [8] examined the
MHDoscillatory ﬂowon free convection-radiation through a porous
mediumwith constant suction velocity. They observed that the ve-
locity increases when the permeability of the porous medium is
increased. Pal and Talukdar [9] investigated the buoyancy and chem-
ical reaction effects onMHDmixed convectionheat andmass transfer
in a porousmediumwith thermal radiation andOhmic heating, and
they concluded that the presence of porous medium increases the
skin friction coeﬃcient, whereas the effect of increasing the value
of porouspermeabilitydecrease thevalueof the localNusselt number.
Sugunammaet al. [10] studied the inclinedmagnetic ﬁeld and chem-
ical reaction effects on ﬂowover a semi-inﬁnite vertical porous plate
through porous medium. They solved the non-linear and coupled
governing equations by adopting a perturbative series expansion
about a small parameter, ε, and they observed that the velocity gra-
dient at the surface increases with a decrease in the porosity
parameter. Acharya et al. [11] analyzed the free convective ﬂuctu-
ating MHD ﬂow through porous media past a vertical porous plate
with variable temperature and heat source, and they recorded that
the presence of porousmedia has no signiﬁcant contribution to the
ﬂow characteristics whereas viscous dissipation compensates for
the heating and cooling of the plate due to convective current.
The study of free convection ﬂow with magnetic ﬁeld plays a
major role in liquid metals, electrolytes and ionized gases and
thermal physics of hydromagnetic problemswithmass transfer have
enormous applications in power engineering. Prasad et al. [12] ex-
amined the inﬂuence of internal heat generation/absorption, thermal
radiation, magnetic ﬁeld, variable ﬂuid property and viscous dis-
sipation on heat transfer characteristics of a Maxwell ﬂuid over a
stretching sheet, and they have pointed out that the horizontal ve-
locity decreases with an increase in the magnetic ﬁeld parameter.
They concluded that this is due to the fact that the transverse mag-
netic ﬁeld has a tendency to create a drag like force, known as the
Lorentz force to resist the ﬂow. Vija et al. [13] studied the effects
of induced magnetic ﬁeld and viscous dissipation on MHD mixed
convective ﬂow past a vertical plate in the presence of thermal ra-
diation. They found that the values of induced magnetic ﬁeld
remained negative, i.e. induced magnetic ﬂux reversal arises for all
distances in the boundary layer.
The effects of radiation on MHD ﬂow and heat transfer prob-
lems have become industrially more important. The thermal
radiation effects become intensiﬁed at high absolute temperature
levels due to basic difference between radiation and the convec-
tion and conduction energy-exchange mechanisms. Many
engineering processes occur at high temperatures and hence the
knowledge of thermal radiation heat transfer is essential for de-
signing appropriate equipments such as nuclear power plants, gas
turbines and various propulsion devices for aircraft, missiles and
satellites. When radiative heat transfer takes place in the electri-
cally conducting ﬂuid, it is ionized due to the high operating
temperature. In view of these, many authors have made contribu-
tions to the study of ﬂuid ﬂow with thermal radiation. Hsiao [14]
analyzed heat andmass transfer of micropolar ﬂuid ﬂow in the pres-
ence of thermal radiation past a nonlinearly stretching sheet. Shateyi
et al. [15] investigated the effects of thermal radiation, Hall cur-
rents, Soret and Dufour number onMHDmixed convection ﬂow over
a vertical surface in porousmedia, and they found that the ﬂuid tem-
perature increases due to an increase in the thermal radiation. Also
they found that the concentration decreases as the radiation pa-
rameter value is increased. Pal andMondal [16] examined the effects
of Soret Dufour, chemical reaction and thermal radiation on MHD
non-Darcy unsteady mixed convective heat and mass transfer over
a stretching sheet, and they concluded that the effect of thermal
radiation is to increase temperature in the thermal boundary layer.
The effects of thermal radiation and viscous dissipation onMHD heat
and mass diffusion ﬂow past an oscillating vertical plate embed-
ded in a porous medium with variable surface conditions were
studied by Kishore et al. [17]. Thermal radiation effects onMHD con-
vective ﬂow over a plate in a porous medium was studied by
Karthikeyan et al. [18] by using perturbation technique, and it was
observed that the increase in the radiation parameter implies the
decrease in the boundary layer thickness and enhances the rate of
heat transfer. Hossain and Samand [19] examined the heat andmass
transfer of a MHD free convection ﬂow along a stretching sheet with
chemical reaction, thermal radiation and heat generation in the pres-
ence of magnetic ﬁeld. They conclude that the concentration proﬁles
increase as the values of the radiation parameter is increased. Re-
cently, Hsiao [20] performed an analysis to study the combined
effects mixed convection and thermal radiation in nanoﬂuid with
multimedia physical features.
Viscous dissipation plays an important role in changing the tem-
perature distribution, just like an energy source, which affects the
heat transfer rates considerably. In fact, the shear stresses can induce
a considerable amount of heat generation. El-Aziz [21] investi-
gated the mixed convection ﬂow of a micropolar ﬂuid from an
unsteady stretching surface with viscous dissipation. He con-
cluded that the viscous dissipation produces heat due to drag
between the ﬂuid particles and this extra heat causes an increase
of the initial ﬂuid temperature. This increase in the temperature
causes an increase in the buoyant force. Kishore et al. [22] studied
the inﬂuence of chemical reaction and viscous dissipation on un-
steady MHD free convection ﬂow past an exponentially accelerated
vertical plate with variable surface conditions. They examined that
the increase in the viscous dissipation enhanced the ﬂuid temper-
ature, also the rate of heat transfer fell with increasing the Eckert
number. Singh and Singh [23] analyzed MHD ﬂowwith viscous dis-
sipation and chemical reaction over a stretching porous plate in
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porous medium. They drew a conclusion that the effect of viscous
dissipation on the temperature distribution is insigniﬁcant.
The theory of micropolar ﬂuids was originally developed by
Eringen [24] which has become a popular ﬁeld of research in recent
times. The concept of micropolar ﬂuid deals with a class of ﬂuids
that exhibits certain microscopic effects arising from the
micromotions of the ﬂuid elements. These ﬂuids contain dilute sus-
pension of rigid macromolecules with individual motions that
support stress and body moments are inﬂuenced by spin inertia.
Micropolar ﬂuids are those which contain micro-constituents that
can undergo rotation, which can affect the hydrodynamics of the
ﬂow so that it can be distinctly non-Newtonian. Thus, micropolar
ﬂuids are those consisting of randomly oriented particles sus-
pended in a viscous ﬂuid, which can undergo a rotation. Haque et
al. [25] analyzed the micropolar ﬂuid behaviors on steady MHD free
convection and mass transfer ﬂow with constant heat and mass
ﬂuxes, Joule heating and viscous dissipation. It was concluded by
them that the motion of micropolar ﬂuid is more for lighter par-
ticles and air than heavier particles and water, respectively and the
angular motion of microlpolar ﬂuid is greater for heavier particles
and water than lighter particles and air, respectively also the
micropolar ﬂuid temperature is more for air than water. Sudheer
Babu et al. [26] studied the mass transfer effects on unsteady
MHD convection ﬂow of micropolar ﬂuid past a vertical moving
porous plate through a porous medium with viscous dissipation.
Gupta et al. [27] investigated unsteady mixed convection ﬂow of
micropolar ﬂuid over a porous shrinking sheet using ﬁnite element
method.
Different authors studied mass transfer with or without radia-
tion and viscous dissipation effects on the ﬂow past oscillating
vertical plate by considering different surface conditions, but the
study on the effects of magnetic ﬁeld on free convection heat and
mass transfer with thermal radiation, viscous dissipation, chemi-
cal reaction and variable surface conditions in ﬂow through an
oscillating plate has not been found in literature and hence the mo-
tivation to undertake the present study. Thus the present
investigation is concernedwith the study of combined effects of mag-
netic ﬁeld and ﬁrst-order chemical reaction in two-dimensionalMHD
ﬂow, heat and mass transfer of a viscous incompressible ﬂuid past
a permeable vertical plate embedded in a porous medium in the
presence of viscous dissipation and thermal radiation using per-
turbation technique. The effects of various physical parameters on
the velocity, temperature and concentration proﬁles as well as on
local skin friction co-eﬃcient, Sherwood number and local Nusselt
number are shown graphically. Validation of the analysis has been
performed by comparing the present results with those of Modather
et al. [7].
2. Formulation of the problem
We consider mixed convection and diffusion mass transfer of a
viscous incompressible electrically conducting micropolar ﬂuid over
an inﬁnite vertical porous moving permeable plate embedded in
a porous medium in the presence of viscous dissipation, thermal
radiation, heat source/sink and chemical reaction. In Cartesian co-
ordinate system, x-axis is measured along the plate and y-axis normal
to the plate. A constant magnetic ﬁeld is applied in y-direction of
strength B0. It is assumed that the magnetic ﬁeld is of small inten-
sity so that the induced magnetic ﬁeld is negligible in comparison
to the applied magnetic ﬁeld. The Joule heating is negligible as the
term due to electric dissipation is neglected in the energy equa-
tion. The ﬂuid is considered to be gray absorbing emitting or radiating
but not scatting medium. The Rosseland approximation is used to
describe the radiative heat ﬂux which is negligible in the x-direction
in comparison to y-direction. The plate moves continuously with
uniform velocity up* in its own plane. It is assumed that the tem-
perature of the surface is held uniform at Tw while the ambient
temperature takes the constants value T∞ so that Tw > T∞. The species
concentration at the surface is maintained uniformly at Cw and that
of the ambient ﬂuid is taken as C∞. First-order chemical reaction is
considered in this paper since the rate of reaction is directly pro-
portional to the concentration difference which is associated with
the concentration of the species C in the solutal boundary layer and
the ambient ﬂuid concentration C∞ [7,13]. The chemical reaction is
assumed to be irreversible. Under these assumptions, the bound-
ary layer equations of motion, energy and mass-diffusion under the
inﬂuence of uniform transverse magnetic ﬁeld and Ohmic dissipa-
tion in the presence of heat source or sink, viscous dissipation and































































































































































γ ( ), (5)
where (u*, v*) are the component of the velocity at any point
( , );x y* * *ω is the component of the angular velocity normal to the
x*y* plane; T is the temperature of the ﬂuid; and C is the mass con-
centration of the species in the ﬂow ρ ν ν β β σ γ α, , , , , , , , , , ,r T Cg K j D* ,
and γ 1* are the density, kinematic viscosity, kinematic rotational vis-
cosity, acceleration due to gravity, coeﬃcient of volumetric thermal
expansion of the ﬂuid, coeﬃcient of volumetric mass expansion of
the ﬂuid, electrical conductivity of the ﬂuid, permeability of the
medium, microinertia per unit mass, spin gradient viscosity, thermal
diffusivity, molecular diffusivity, and the dimensional chemical re-
action parameter, respectively. It is important to note that the change
in the concentration of species gives rise to the solutal buoyancy
so there is direct connection between Eq. (2) and Eq. (5) hence these
equations are coupled.











= + −∞ ∞, , ( ) ,*ω ε ω1
 0C C C C e at yn t= + − =∞ ∞ε ω( ) ,** * (6)
u T T C C as y* * *→ → → → → ∞∞ ∞0 0, , , .ω
The following comment should bemade about the boundary con-
dition used for the microrotation term: when n1 = 0, we obtain from
the boundary condition stated in Eq. (6), for themicrorotation,ω* = 0.
This represents the case of concentrated particle ﬂows in which the
microelements close to the wall are not able to rotate. The case cor-
responding to n1 = 0.5 results in the vanishing of the antisymmetric
part of the stress tensor and represents weak concentrations. When
n1 = 1 then this is the case of turbulent boundary layer ﬂows. Further,
when n1 = 0, the particles are not free to rotate near the surface.
However, when n1 = 0.5 or n1 = 1.0, the microrotation term gets aug-
mented and induces ﬂow enhancement.
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From the Eq. (1), it is clear that the suction velocity normal to
the plate is a function of time only, which is considered to be in
the form [1,10,18]:
v Ae Vn t* *= − +( ) ,*1 0ε (7)
where A is a real positive constant, εA small less than unity and V0
is a scale of suction velocity which has a non-zero positive constant.
The radiative heat ﬂux term by using the Rosseland approxima-













We assume that the temperature difference within the ﬂow are
suﬃciently small such that T*4 may be expressed as a linear func-
tion of the temperature. This is accomplished by expanding T*4 in
a Taylor series about T∞* and neglecting higher (second order
onwards) order term [12], we get
T T T T* *4 3 44 3≅ −∞ ∞* * .
It is convenient to employ the following dimensionless
variables:
u U u V y
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e e at yp nt nt= = −
∂
∂
= + = + =, , , ,ω θ ε φ ε1 1 1 0
u as y→ → → → → ∞0 0 0 0, , , .ω θ φ (13)
To solve Eqs. (9)–(12) subject to the boundary conditions Eq. (13)
we may use the following linear transformations for low value of
ε [18,26]:
u y t u y e u y Ont( , ) ( ) ( ) ( ),= + +0 1 2ε ε
ω ω ε ω ε( , ) ( ) ( ) ( ),y t y e y Ont= + +0 1 2
θ θ ε θ ε( , ) ( ) ( ) ( ),y t y e y Ont= + +0 1 2 (14)
φ φ ε φ ε( , ) ( ) ( ) ( ).y t y e y Ont= + +0 1 2





0 0 0 0+ ′′+ ′ − +
+⎛⎝⎜ ⎞⎠⎟ = − − − ′β
β θ φ βωu u M
K





1 0 1 1 1+ ′′+ ′ − +
+
−
⎛⎝⎜ ⎞⎠⎟ = − ′ − − − ′β
β θ φ βωu u M
K
n u Au G GrT rC (16)
′′ + ′ =ω ηω0 0 0, (17)
′′ + ′ − = − ′ω ηω ηω ηω1 1 1 0n A , (18)
( ) ,3 4 3 3 00 0 02+ ′′ + ′ + ′ =Nr Pr PrE ucθ θ (19)
( ) ,3 4 3 3 3 61 1 1 0 0 1+ ′′ + ′ − = − ′ − ′ ′Nr Pr nPr APr PrE u ucθ θ θ θ (20)
′′+ ′ + =φ φ γ φ0 0 1 0 0Sc Sc , (21)
′′ + ′ + − = − ′φ φ γ φ φ1 1 1 1 0Sc n Sc ASc( ) , (22)
with the following boundary conditions:
u U u n u n up0 1 0 1 0 1 1 10= = = − ′ = − ′, , , ,ω ω
θ θ φ φ0 1 0 11 1 1 1 0= = = = =, , , ,at y
u u as y0 1 0 1 0 1 0 1 0= = = = = = = = → ∞ω ω θ θ φ φ . (23)
To solve the nonlinear coupled Eqs. (15)–(22), we assume
that the viscous dissipation parameter (Eckert number Ec)
is small, so we can write the asymptotic expansion as
follows
u y u y E u y O Ec c0 01 02 2( ) ( ) ( ) ( ),= + +
u y u y E u y O Ec c1 11 12 2( ) ( ) ( ) ( ),= + +
ω ω ω0 01 02
2( ) ( ) ( ) ( ),y y E y O Ec c= + +
ω ω ω1 11 12
2( ) ( ) ( ) ( ),y y E y O Ec c= + +
θ θ θ0 01 02 2( ) ( ) ( ) ( ),y y E y O Ec c= + + (24)
θ θ θ1 11 12 2( ) ( ) ( ) ( ),y y E y O Ec c= + +
φ φ φ0 01 02 2( ) ( ) ( ) ( ),y y E y O Ec c= + +
φ φ φ1 11 12 2( ) ( ) ( ) ( ),y y E y O Ec c= + +
Substituting Eq. (24) into Eqs. (15)–(22), we obtain the follow-





01 01 01 01+ ′′ + ′ − +
+⎛⎝⎜ ⎞⎠⎟ = − − − ′β
β θ φ βωu u M
K





02 02 02 02+ ′′ + ′ − +
+⎛⎝⎜ ⎞⎠⎟ = − − − ′β
β θ φ βωu u M
K
u G GrT rC (26)
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′′ + ′ =ω ηω01 01 0, (27)
′′ + ′ =ω ηω02 02 0, (28)
( ) ,3 4 3 001 01+ ′′ + ′ =Nr Prθ θ (29)
( ) Pr ,3 4 3 302 02 012+ ′′ + ′ = − ′Nr Pr uθ θ (30)
′′ + ′ + =φ φ γ φ01 01 1 01 0Sc Sc , (31)
′′ + ′ + =φ φ γ φ02 02 1 02 0Sc Sc , (32)
subject to the boundary conditions:
u U u n u n up01 02 01 1 01 02 1 020= = = − ′ = − ′, , , ,ω ω
θ θ φ φ01 02 01 021 0 1 0 0= = = = =, , , ,at y
u u as y01 02 01 02 01 02 01 02 0= = = = = = = = → ∞ω ω θ θ φ φ . (33)
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(35)
′′ + ′ − = − ′ω ηω ηω ηω11 11 11 01n A , (36)
′′ + ′ − = − ′ω ηω ηω ηω12 12 12 02n A , (37)
( ) ,3 4 3 3 311 11 11 01+ ′′ + ′ − = − ′Nr Pr nPr APrθ θ θ θ (38)
( ) ,3 4 3 3 3 612 12 12 02 01 11+ ′′ + ′ − = − ′ − ′ ′Nr Pr nPr APr Pru uθ θ θ θ (39)
′′ + ′ + − = − ′φ φ γ φ φ11 11 1 11 01Sc n Sc ASc( ) , (40)
′′ + ′ + − = − ′φ φ γ φ φ12 12 1 12 02Sc n Sc ASc( ) , (41)
subject to the boundary conditions:
u u n u n u11 12 11 1 11 12 1 120 0= = = − ′ = − ′, , , ,ω ω
θ θ φ φ11 12 11 121 0 1 0 0= = = = =, , , ,at y
u u as y11 12 11 12 11 12 11 12 0= = = = = = = = → ∞ω ω θ θ φ φ . (42)
Solving Eqs. (25)–(32) under the boundary conditions Eq. (33)
and Eqs. (34)–(41) under the boundary conditions Eq. (42) and sub-
stituting into Eqs. (24) and (14), we obtain the temperature, angular
velocity and velocity proﬁles of all the ﬂow respectively as follows:
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where a b c di i i i, , , , and hi are provided in the Appendix.
The local skin friction coeﬃcient, local wall couple
stress coeﬃcient, local Nusselt number, and local Sherwood
number are important physical quantities for this type of
heat and mass transfer problem which are deﬁned
below.
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(43)
Therefore, the local skin-friction factor is given by
C
U V
n uf = = + − ′
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βω* [ ( ) ] ( ). (44)












Therefore, the local couple stress coeﬃcient is given by











The rate of heat transfer at the surface in terms of the local
















Using Eqs. (8) and (45) in Eq. (47), we get






is the local Reynolds number.
The rate of mass transfer at the surface in terms of the local Sher-
















Using Eqs. (8) and (47) in Eq. (48), we get
Sh Rex x− = − ′1 0φ ( ).
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3. Results and discussions
To assess the physical properties of the problem, the effects of
various parameters like Eckert number, local Grashof number, per-
meability parameter, magnetic ﬁeld parameter, Prandtl number,
thermal radiation parameter, chemical reaction parameter, viscos-
ity parameter and Schmidt number, velocity component in
x-direction, component of angular velocity, temperature of the ﬂuid,
concentration of species, skin friction coeﬃcient, Nusselt number
and Sherwood number are analyzed. Numerical evaluations of the
analytical solutions were performed and the results are presented
in graphical and tabular forms. The values of the physical param-
eters such as Nr, ω etc. are taken from the literature [2,7,9]. The
variation in velocity proﬁle with y for various values in thermal
Grashof numbers are shown in Fig. 1. This ﬁgure reﬂects that with
increase in GrT there is increase in ﬂuid velocity due to enhance-
ment of the buoyancy force. The curves show that the velocity starts
from a minimum value on the surface and increases till it attains
a peak value near the plate, then it starts decreasing till the end of
the boundary layer. The positive value of GrT indicates the cooling
of the plate and it is observed that velocity increases rapidly near
the wall of the plate and then decays to the free stream velocity.
When GrT is negative, the plate becomes hotter and there is retar-
dation in the ﬂuid velocity. Thus the thermal Grashof number GrT
signiﬁes the relative effect of the thermal buoyancy force to the
viscous hydrodynamic force in the boundary layer. As expected, it
is observed that there is a rise in the velocity as GrT increases. The
solutal Grashof number GrC deﬁnes the ratio of the species buoy-
ancy force to the viscous hydrodynamic force. As expected, the ﬂuid
velocity increases as Grashof number GrC increases as seen in Fig. 2.
The effects of ﬁrst order irreversible chemical reaction param-
eter on the velocity proﬁles are studied in Fig. 3. It is seen that the
velocity proﬁle increases with an increase in the chemical reac-
tion parameter. Also, it is observed that when the chemical reaction
parameter is negative (i.e. generative reaction) there is an in-
crease in the ﬂuid ﬂow velocity. In fact, as chemical reaction increases
there is a considerable amount of reduction in the velocity pro-
ﬁles, and the presence of the peak indicates that themaximum value
of the velocity occurs in the ﬂuid close to the surface but not at the
surface. For positive chemical reaction parameter (i.e. destructive
reaction), there is reduction in the ﬂuid ﬂow velocity. Fig. 4 depicts
the variation of the microrotational velocity distribution with per-
meability parameter of the porous medium for different time t. It
is clearly observed that there is a decrease in the microrotational
velocity distribution with an increase in the value of the perme-
ability parameter. The physical reason behind this decrease is due
to the fact that velocity of the ﬂuid dominates over microrotational
velocity distribution with an increase in the permeability param-
eter. Thus the higher the value of the porous permeability the lower
the microrotational velocity, which results in increasing the veloc-
ity of the ﬂuid.
It is observed from Fig. 5 that the decrease in the value of ω is
very rapid for the higher value of Eckert number. It is to be noted
that the parameter n1 is associated with the boundary condition Eq.
(23) and that it physically reduces to the concentration of the mi-
croelement at the plate. Further, it is noticed that this initial boundary
condition for microrotational corresponds to the vanishing of the
anti-symmetric part of the stress tensor and related to the weak
concentration of the micro-elements of the micropolar ﬂuid. Thus
it is clear that greater n1 decreases the value of the microrotational
velocity distribution rapidly. The effects of micro-rotational
β
γ
Fig. 1. Velocity proﬁles vs. y for different values of GrT.
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Fig. 3. Velocity proﬁles vs. t for different values of chemical reaction parameter.
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velocity distribution against y for different value of Eckert number
are shown in Fig. 6. This ﬁgure depicts that the micro-rotational ve-
locity distribution decreases with an increase in the Eckert number
whereas its value increases with an increase in y. Physically, this
is due to the fact that increase in the Eckert number increases dis-
sipation of energy by viscous force and hence thereby decreases the
micro-rotational velocity by increasing the Eckert number.
Fig. 7 depicts the variation of micro-rotational velocity distri-
bution against y for different values of the magnetic ﬁeld parameter.
Here, we observed that the micro-rotational velocity distribution
increases with an increase in the magnetic ﬁeld parameter and it
becomes zero as y tends to ∞ for all the values of the magnetic ﬁeld
parameter. Further, it is observed that for higher values of y, all the
curves of ω coincide at that point (i.e. y = 8). Physically, an in-
crease in the strength of the magnetic ﬁeld enhances the
microrotational velocity. The variation of microrotational velocity
distribution for various values of the chemical reaction parameter
are shown in Fig. 8. From this ﬁgure we see that microrotational
velocity distribution decreases by increasing the value of the chem-
ical reaction parameter. The effect of permeability parameter on
temperature proﬁle is shown in Fig. 9 with time. From this ﬁgure,
it is observed that the temperature increases with an increase in
the permeability parameter K2 for all time t. This is due to the fact
that as the velocity increases there is an increase in the viscous dis-
sipation as it adds energy to the ﬂuid and hence temperature of the
ﬂuid increases with the permeability parameter K2. Also, the effects
of GrT on temperature proﬁle are shown in Fig. 10. For the positive
value of GrT, i.e., for externally cooled plate the temperature in-
creases, but for the negative value of the GrT, i.e., for externally heated
plate, the temperature reduces.
Fig. 11 illustrates the effect of thermal radiation on the temper-
ature distribution with y for different values of the radiation
parameter. For larger thermal radiation parameter the thermal
boundary layer is thicker, so the temperature proﬁle increases. It
is also seen from this ﬁgure that the temperature distribution in-
creases with an increase in the radiation parameter and decreases
ω
γ β















Fig. 7. Microrotational velocity proﬁle vs. y for different values of magnetic ﬁeld pa-
rameter M.
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with an increase in y and the value reaches zero as y → ∞ match-
ing the boundary condition at that point. Fig. 12 is drawn to study
the variations of temperature distribution against y for different value
of Eckert number. In this ﬁgure we can see that the temperature
distribution increases with an increase in the Eckert number and
temperature decreases steeply with an increase in y. Physically, the
Eckert number (Ec) expresses the relationship between the kinetic
energy in the ﬂow and the enthalpy. It embodies the conversion of
kinetic energy into internal energy by work done against the viscous
ﬂuid stresses. Greater viscous dissipative heat causes a rise in the
temperature as well as the velocity. Thus increase in the value of
the Eckert number indicates that there is an increase in the viscous
dissipation and thereby increases the temperature of the ﬂuid as
the dissipative force adds energy to the ﬂuid.
Fig. 13 depicts the variation of temperature proﬁles for differ-
ent values of the chemical reaction parameter. It is seen from this
ﬁgure that the temperature proﬁle increases with an increase in the
chemical reaction parameter. The effect of skin-frictional coeﬃ-
cient against t for different value of chemical reaction parameter
are depicted in Fig. 14. This ﬁgure shows that the local skin-
frictional coeﬃcient increases with increases in the chemical reaction
parameter.
Fig. 15 depicts the variation of skin-frictional coeﬃcient against
time t for different value of the Eckert number. From this ﬁgure, it
is observed that the skin-frictional coeﬃcient increases with an in-
crease in the Eckert number due to increase in the viscous dissipative
forces. Fig. 16 depicts the variation of skin-frictional coeﬃcient
against t for different values of magnetic ﬁeld parameter. It is seen
from this ﬁgure that skin-frictional coeﬃcient decreases with an
increase in the magnetic ﬁeld parameter. Also, it is observed from
this ﬁgure that there is an increase in the value of the skin-
friction coeﬃcient with an increase in time and the rate of increase
become rapid for large values of t. The proﬁles of the local couple
stress coeﬃcient at thewall against time t for different value of Eckert
number are shown in Fig. 17. It is seen from this ﬁgure that by in-
creasing the Eckert number there is remarkable increase in the local
couple stress coeﬃcient at the wall due to increase in the dissipa-






















Fig. 11. Variation of temperature proﬁles with y for different value of radiation pa-
rameter Nr.
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The effect of local couple stress coeﬃcient at the wall against t
for different values of the permeability parameter are shown in
Fig. 18. It is seen from this ﬁgure that increase in the permeability
parameter increases the local couple stress coeﬃcient at the wall
due to increase in the porosity of the porous medium. Fig. 19 depicts
the variation of concentration at the wall against t for different value
of magnetic ﬁeld parameter. In this ﬁgure it is observed that the
local couple stress coeﬃcient at the wall decreases by increasing
themagnetic ﬁeld parameter and it rapidly decreases for large values
of t. This causes the local couple stress coeﬃcient buoyancy effects
to decrease, yielding a reduction in the ﬂuid velocity. The reduc-
tion in the concentration proﬁles is accompanied by simultaneous
reduction in the momentum and concentration boundary layers
thickness.
Fig. 20 depicts the variation of Nusselt number against t for dif-
ferent values of the Eckert number. We observe that the Nusselt
number decreases with an increase in the Eckert number due to the
fact that increasing the values of the Eckert number generates heat
in the ﬂuid due to frictional heating. Thus the effect of increasing
Ec is to enhance the temperature and thereby increases the Nusselt
number. The plot of Nusselt number against time t for different value
of magnetic ﬁeld parameter is shown in Fig. 21. It is seen from this
ﬁgure that the local Nusselt number increases signiﬁcantly for small
values of the magnetic ﬁeld parameter and the effect become in-
signiﬁcant for large values in the magnetic ﬁeld parameter.
Fig. 22 depicts the variation of Sherwood number against t for
different values of the Schmidt number. It is well known that the
Schmidt number Sc embodies the ratio of the momentum to the
mass diffusivity. The Schmidt number which quantiﬁes the rela-
tive effectiveness of momentum and mass transport by diffusion in
the hydrodynamic (velocity) and concentration (species) bounda-
ry layers. As the Schmidt number increases the concentration
decreases. This causes the concentration buoyancy effects to de-
crease, yielding a reduction in the ﬂuid velocity. The reduction in
the velocity and concentration proﬁles is accompanied by simul-
taneous reduction in the velocity and concentration boundary layers.
Thus it is observed from this ﬁgure that the Sherwood number in-
creases by increasing the Schmidt number.
We have compared the result of Nusselt number and Sherwood




Fig. 12. Temperature proﬁle vs. y for different values of Eckert number Ec.
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Fig. 14. Variation of Cf with t for different values of chemical reaction parameter.
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Fig. 15. Variation of Cf with t for different values of Eckert number Ec.
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in the absence of thermal radiation parameter and viscous dissipa-
tion effects. Numerical values of local skin friction factor, local couple
stress coeﬃcient at the wall, Nusselt number and Sherwood number
for different values of the parameters Sc, Pr, K2,M,Nr and Ec are shown
in Table 2 by keeping the values of other parameters constant. We
have taken the values of the parameter ε = 0.01, n = 0.1, n1 = 0.5, GrT = 2,
GrC = 1, Up = 0.5, A = 0.1, for all the ﬁgures and tables presented in this
paper. It is observed from this table that the effect of increase in the
value of Sc, Pr, andM is to decrease Cf and ′Cw whereas reverse effect
is found for Nu Rex x−1. Further, it is noticed that the effect of in-
crease in the value of K2, Nr, and Ec is to increase Cf and ′Cw whereas
reverse effect is seen for Nu Rex x−1. Also, the effect of increasing the
value of Schmidt number Sc is found to be very prominent on Sher-
wood number Sh Rex x−1, i.e. an increasing trend is found on Sh Rex x−1
by increasing the value of the Schmidt number.
4. Conclusions
In this paper the effects of chemical reaction and viscous dissi-
pation on MHD free convection ﬂow in the presence of heat source
or sink and thermal radiation with variable surface temperature and
concentration have been studied analytically. Perturbation method
is employed to solve the governing equations of the ﬂow. From the
present investigation, the following conclusions have been drawn:
(i) The temperature distribution increases with an increase in
the Eckert number, radiation parameter, thermal Grashof
number and permeability parameter.
(ii) The micro-rotational velocity distribution decreases with an
increase in chemical reaction parameter, permeability pa-
rameter and Eckert number but increases with the increase
in the magnetic ﬁeld parameter.
(iii) There are increases in the skin frictional coeﬃcient with in-
creases in the Eckert number and chemical reaction parameter.
(iv) When there is increase in the magnetic ﬁeld parameter there
is decrease in skin friction coeﬃcient.
(v) The value of the Nusselt number decreases with an increase
in the Eckert number, and increases with an increase in the
magnetic ﬁeld parameter.
(vi) When increasing the value of Schmidt number there is in-
crease in the Sherwood number.
β
γ




Fig. 17. Variation of ′Cω with t for different values of Eckert number.
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Fig. 19. Plot of ′Cω with t for different values of M.
453D. Pal, S. Biswas/Engineering Science and Technology, an International Journal 19 (2016) 444–462
(vii) Local couple stress coeﬃcient at the wall decreases with an
increase in the values of the magnetic ﬁeld parameter and
it increases with an increase in Eckert number and perme-
ability parameter in the speciﬁed range. Thus we can conclude
that the physical parameters play an important role on the
rate of heat and mass transfer over a vertical permeable plate
embedded in a porous medium.
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Fig. 20. Plot of Nu Rex x−1 with time for different values of Eckert number.
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Fig. 21. Plot of Nu Rex x−1 with time for different values of M.
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Fig. 22. Plot of Sh Rex x−1 with t for different values of Sc.
Table 1
Comparison of the present result of Nu Rex x−1 and Sh Rex x−1 with Modather
et al. [7] for different values of t when Pr Sc Nr Ec A= = = = =1 0 2 0 0 0 0 0 0 0. , . , . , . , . ,
β ε γ= = = = = = = = =1 0 2 0 0 01 0 5 0 1 2 1 5 0 11 2 1. , . , . , . , . , , , , . ,M n n Gr Gr K UpT C = 0 5. .
Modather et al. [7] results Present results
t Nu Rex x−1 Sh Rex x−1 Nu Rex x−1 Sh Rex x−1
0 1.00887 1.91217 1.0088730 1.9121732
1 1.00981 1.91404 1.0098062 1.9140395
3 1.43567 1.91838 1.0119773 1.9183817
5 1.01463 1.92369 1.0146291 1.9236853
10 1.02412 1.94267 1.0241193 1.9426657
20 1.06556 2.02555 1.0655630 2.0255532
30 1.17822 2.25086 1.1782186 2.2508645
40 1.48445 2.86332 1.4844484 2.8633242
50 2.31687 4.52816 2.3168676 4.5281625
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Effects of various values of ﬂuid properties on the coeﬃcients of skin friction coeﬃcient, couple stress coeﬃcient, Nusselt number and Sherwood number.
Sc Pr K2 M Nr Ec Cf ′Cω Nu Rex x−1 Sh Rex x−1
2 1 5 2 0.1 0.001 0.2707133 0.0301309 0.8914258 1.9158002
1 0.6682574 0.0745723 0.8914186 0.8975272
0.5 1.1339602 0.1264654 0.8914083 0.3664133
2 3 −0.8333037 −0.0927355 2.6738615 1.9158002
5 −1.2005236 −0.1335068 4.4563727 1.9158002
1 3 0.0745329 0.0083268 0.8914279 1.9158002
1 −0.6985520 −0.0776972 0.8914325 1.9158002
5 3 −0.3851199 −0.0427542 0.8914313 1.9158002
4 0.7 −0.8853874 −0.0985380 0.8914328 1.9158002
2 0.3 0.5051470 0.0560755 0.7216151 1.9158002
0.5 0.6920367 0.0770952 0.6061646 1.9158002
0.1 0.05 0.2717460 0.0301607 0.8912639 1.9158002
0.07 0.2723846 0.0301891 0.8911055 1.9158002
0.1 0.2734951 0.0302488 0.8907710 1.9158002
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Nomenclature
A small real positive constant
B0 externally imposed transverse magnetic ﬁeld strength,
gaussmeter
C concentration of the ﬂuid, mol m−3
C∞ free stream concentration, mol m−3
Cf frictional coeﬃcient
Cw concentration at the wall, mol m−3
cp speciﬁc heat at constant pressure, Jkg−1 K−1
D molecular diffusivity, m2 s−1
Ec Eckert number
Gr local Grashof number
g acceleration due to gravity, ms−1
GrT thermal Grashof number
GrC mass Grashof number
j* microinertia per unit mass, m2
j dimensionless microinertia per unit mass
K permeability parameter, m2
K1* mass absorption coeﬃcient, m−1
K2 dimensionless permeability parameter
M magnetic ﬁeld parameter
n frequency parameter, hertz
n1 parameter related tomicro-gyration vector and share stress
Nu local Nusselt number
Pr Prandtl number
qr* thermal radiative heat ﬂux, Wm−2




T temperature of the ﬂuid, K
T∞ free stream temperature, K
Tw temperature at the wall, K
t* dimensional time, s
t dimensionless time
u* velocity component in x-direction, ms−1
u dimensionless velocity component in x-direction
U0 free stream velocity, ms−1
up* uniform velocity of the ﬂuid in its own plane, ms−1
Up dimensionless velocity of the plate
V0 scale of suction velocity at the plate, ms−1
v* velocity component in y-direction, ms−1
v dimensionless velocity component in y-direction
x,y distance along and perpendicular to the plate, respective-
ly, m
Greek symbols
α thermal diffusivity, m2 s−1
β dimensionless viscosity ratio
βC coeﬃcient of mass expansion of the ﬂuid, K−1
βT coeﬃcient of thermal expansion of the ﬂuid, K−1
γ spin gradient viscosity, kg m s−1
γ 1* chemical reaction parameter
γ1 dimensionless chemical reaction parameter
ε small positive quantity
θ dimensionless temperature of the ﬂuid
η similarity variable
μ coeﬃcient of viscosity
ν kinematic viscosity, m2 s−1
νr kinematic rotational viscosity, m2 s−1
ρ density of the ﬂuid, kg m−3
σ electrical conductivity of the ﬂuid, S m−1
σ* StephanBoltzmann constant, W m−2 K−4
ω* component of angular velocity, m2 s−2
ω dimensionless component of angular velocity
Λ coeﬃcient of vortex viscosity, kg m−1 s−1
κ thermal conductivity of the ﬂuid, W m−1 K−1
λ heat generation/absorption parameter
Subscripts
′ differentiation with respect to y
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